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Learning in Perception-Action Loops as 
Common Ground for Autonomous Systems

System Model: !x = f x,u,t,εx( )
Observation Model: y = h x,u,t,εy( )

Learning



Why the Divide Between Manipulation 
and Whole Body Control?

Floating-base

Inertial frame

contact forces

Equations of motion:

(under) actuation

is derived in a constraint consistent subspace without explic-
itly computing these constraints. Therefore they are often not
well suited for the control of contact constraints. It is also
desirable to avoid measuring constraint forces since it would
require sensors at each contact point and can lead to brittle
control due to noise measurement and delay due to filtering.
The ideal situation would be to have a single controller for
all these different cases that can handle switching external
contact constraints and that does not require constraint forces
measurement.

Recently such an approach has been taken for both opera-
tional space and joint position control of legged robots. Sen-
tis et al. [1], [7] proposed an extension of operational space
controllers for floating-base robots and for prioritization of
tasks that requires only one dynamic model of the robot
and that can handle various types of external constraints.
They design a hierarchy of constraint-consistent tasks (e.g.
movement of the center of mass and movement of the hands),
each task acting in the nullspace of both higher priority tasks
and the constraints. This approach is very appealing since it
virtually allows one to control any desired position or force in
task space and to superpose these tasks together for floating-
base robots under constraints. However one caveat of this
approach is the complexity of the controller. Indeed among
all of the needed computations, it requires the inversion of
the rigid body inertia matrix in several places making this
approach sensitive to modelling and parameter estimation
errors [5]. To the best of our knowledge this approach was
never applied on a real robotic platform. Another approach
for joint space trajectory control was recently proposed by
Aghili in [8], based on orthogonal projections. The inverse
dynamics is computed by projecting the dynamics into a
constraint consistent manifold thus removing the constraints.
The advantage of such an approach is that it can also handle
constraint switching and is computationally efficient since
it is based on the decomposition of the constraint Jacobian,
which is a purely kinematic quantity. More recently, based
on similar ideas, Mistry et al. [3] proposed an inverse
dynamics algorithm for legged robots with switching contact
constraints. This algorithm is very appealing since it does
not require the inversion of the inertia matrix and requires
only kinematic terms and an estimation of the unconstrained
inverse dynamics, which is computationally inexpensive. In
addition it allows to predict the constraint forces efficiently
using only kinematic projections, which can be used to
develop force controllers [9]. This controller was also suc-
cessfully applied on real robotic platforms demonstrating its
robustness and efficiency for real-time control [3], [9].

The controllers mentioned above were independently de-
rived for very different purposes and the control laws have
very different forms. Several questions arise. To what extend
are these control laws different? Is it possible to benefit of
the advantages of the hierarchical task controllers while pre-
serving the simplicity and robustness of the inverse dynamics
controller based on orthogonal projections? Is it mandatory
to use the inverse of the inertia matrix for the operational
space approach?

In this paper, we demonstrate the surprising insight that
these previous different approaches to floating base inverse
dynamics control can indeed be thought as equivalent. In
order to do so, we develop a general framework to describe
such controllers and prove the equivalence of all these
controllers. This general framework for inverse dynamics

control of under-actuated robots under constraints is the
main contribution of this paper. The consequences of this
result are two-fold. First, we give a strong argument in
favor of the use of orthogonal projections for inverting the
dynamics [3], [8] since these approaches are equivalent to the
ones using dynamic quantities and are easier to implement
on real robotic systems. Second, we are able to simplify
the controller presented in [1], [7] to work with kinematic
projections and extend it to be optimal with respect to any
quadratic cost in the commands.

In Section 2 we present the general framework that will
allow us to compare the different approaches and derive
the main result of the paper. In Section 3 we discuss the
practical consequences of this result, present the controllers
that we wish to compare and simplify the operational space
controller. We then show numerical simulations to support
the mathematical results in Section 4 and discuss the com-
putational aspects of the new results and their applicability
on real platforms. We then conclude the paper.

II. GENERAL FRAMEWORK
A. Problem formulation

The dynamics of a free-floating rigid-body robot subject
to external constraints is generally given by2

Mq̈+ h = ST ⌧ + JT
c � (1)

under the k constraints

Jcq̈ = b(q, q̇) (2)

where M ⇤ R(n+6)�(n+6) is the rigid body dynamics (RBD)
Inertia matrix, h ⇤ Rn+6 is a generalized force vector
containing the Coriolis, centrifugal and gravitational effects,
⌧ ⇤ Rn is the actuation vector and S ⇤ Rn�(n+6) is
the joint selection matrix that reflects the underactuation
– for instance, for most floating base robots, S would
be the identity matrix in the first n ⇥ n submatrix, and
zeros elsewhere. Jc ⇤ Rk�(n+6) is the Jacobian of the
k constraints with the � ⇤ Rk Lagrange multipliers that
correspond to the constraint forces.

Following the ideas from [10] we express the constraints
in acceleration form (Eq. 2) . Holonomic constraints can be
expressed by differentiating them twice and non-holonomic
constraints by differentiating them once. Without loss of
generality, we assume that Jc is full row rank, in the sense
that all constraints are linearly independent. Indeed it is
always possible to find a reduced number of independent
constraints, for example by using the SVD decomposition of
Jc. Therefore our results will hold for an arbitrary number
of constraints.

For example, assume that the position of the point feet of
a legged robot are given by xc, then the constraints that the
feet do not move relative to the ground can be written as
xc = const or equivalently by ẋc = 0. Relating this to the
motion of the joints of the robot using the Jacobian of xc
we have ẋc = Jcq̇ = 0, which we differentiate once again
to get Jcq̈ = �J̇cq̇.

We assume that the movement plan of the robot is ex-
pressed by desired joint accelerations that are constraint

2We discuss floating base systems with n DOFS and n actuators, but
all the derived results here can be directly applied to systems with a higher
number of actuators (e.g. muscle-like systems) and to systems with a higher
degree of under-actuation (e.g. a robot with passive elements). These cases
are not included to keep notation and discussion as simple as possible.

Contact constraints:

Mq̈+ h = ST ⌧ + JT
c �

Control problem: find actuation torques 
to achieve a desired position/force policy

Physical limitations:
(cones of friction, center of pressure, 
torque saturation, joint limits, etc...)
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Motion planning



Some Example Projects

• Agile locomotion control with Little Dog
– force control
– model-based control
– constraint-based planning and control

• Nonparametric foothold planning
– Learning to score perceptual events (affordances) from rather raw sensory data

• Exploiting sensory feedback
– Mapping sensory data directly into the control loop and switching controllers (prediction)

• Nonparametric grasp planning
– Learning to score perceptual events (affordances) from rather raw sensory data

• Task-based control
– hierarchies (algebraic, could also be time-based hierarchies)
– desired task dynamics
– constraint-based planning and control
– force control

• Planning primitives
– simplified models for preview planning
– movement primitives and on-line adaptation



Little Dog Control

• Some key features
– on-line corrections of plans 

(integral controllers)
– Model-based inverse 

dynamics control
– Constraint-based control
– Contact prediction and control, 

i.e., force control
– Fast control loop for balance/

force control, while slower 
planning loop



Example: Compliant Task Space Control

Mrinal Kalakrishnan, Jonas Buchli, Peter Pastor, Michael Mistry



Nonparametric Foothold Planning

• Some key features
– Rather direct 3D perception of 

terrain (raw sensory data)
– Foothold templates (foothold 

affordances)
– Machine learning to score 

templates
– Can be an ever adjusting 

number of templates 
(nonparametric)

– Avoids human feature design 
(although manual features can 
improve performance)



Example: Walking Over Rough Terrain

Mrinal Kalakrishnan, Jonas Buchli, Peter Pastor, Michael Mistry



Exploiting Sensory Feedback

• Some key features
– Remember (associate) all 

sensory data with movement 
trajectories (skills)

– Raw data and manual features
– Exploit to create on-line

– feedback correction
– switching
– prediction
– sequential planning

– a modest “big data” approach 
to robotics?

– explored in manipulation, but 
should extend to locomotion/
whole body control

Associative Skill Memory 

What is special? Isn’t this just a property list?!

x0
d
!

s0
d!

c0
d
!

xN
d
!

sN
d!

cN
d
!

Context!

State!

Sensory!
Features!



Example: On-line Correction of Grasping 
Given Misperceived Object

Peter Pastor, Mrinal Kalakrishnan, Ludovic Righetti



Template-based Grasp Selection

no object model, just point cloud

necessary component: find 6d gripper pose 
and joint configuration on object

?



Template-based Grasp Selection

object shape encoded by 
local grasp shape descriptor

library of grasp templates is 
stored from user demonstrations

apply learned grasps to 
unknown objects

similarly shaped objects        similar grasps

improves over time



Matching

m(c, l,Fl) =
↵

[1� exp(�k1�2
)][1� exp(�k2�2

)]

[Herzog et al.,  Auton. Rob, 2014]

Demonstrated 
Grasps

Failed 
Executions

Sample & Demonstration

Sample & Failures

Failure & Demonstration

Compute Similarities



https://www.youtube.com/watch?v=C7_xVxu8_RU

https://www.youtube.com/watch?v=C7_xVxu8_RU


improvement over 
30% after 39 trials

Improvement using Feedback  
on Barrett WAM robot

autonomously adapts to 
more stable grasps

[Herzog et al.,  Auton. Rob, 2014]

https://www.youtube.com/watch?
v=C7_xVxu8_RU

https://www.youtube.com/watch?v=C7_xVxu8_RU


• inspired by little dog footstep selection 

• (object-) model free approach  

• rough contact shape with template grasp 

• control impedance at fingers (compliance) 

• library from user demonstration



team work!

Movement Generation and Control Group

Alexander Herzog Nick Rotella

Sean MasonBrahayam Ponton

Ludovic Righetti

Felix Grimminger



Conflicting Tasks

x

position 
task

CoG
force 
task 

task vs task 

➡ weights

CoP inequality
constraint

physical constraint  
vs 

task 

➡ hierarchies



1.                                             , 
torque limits 

2.admissible contact forces, 
acceleration limits 

3.swing leg, posture and 
momentum control 

4.Regularization on forces

[Herzog, Righetti et al.,  IROS, 2014]

Balancing in Single Support

Mq̈+ h = ST ⌧ + JT
c �

QP 
Cascades 
[Kanoun et al., 2011,  

Saab et al., 2013]

⌧

x̃des

x

1kHz

Feed-forward CoP 
Tracking

Task Hierarchy

• feedback in task space 
• no joint stabilization 
• consistent optimization 
problem

joint pos. & vel. 
tracking

momentum tracking

push forcewww.youtube.com/watch?v=jMj3Uv2Q8Xg

http://www.youtube.com/watch?v=jMj3Uv2Q8Xg


Momentum-based control as a LQR problem

1 Coupling between angular and linear momentum 
through contact forces

Priority Nr. of eq(uality) and Constraint/Task
ineq(uality) constraints

1 25 eq Eq. (12) (not required for
simplified problem)

6 eq Newton Euler Eq. (13)
2⇥ 25 ineq torque limits

2 c⇥ 6 eq kinematic contact constraint
c⇥ 4 ineq CoPs reside in support

polygons
c⇥ 4 ineq GRFs reside in friction cones
2⇥ 25 ineq joint acceleration limits

3 3 eq PD control on CoM
(2� c)⇥ 6 PD control on swing foot

4 25 + 6 eq PD control on posture
5 c⇥ 6 eq regularizer on GRFs

DoFs: 25 max. time: 5 ms / 3 ms

TABLE I
FULL HUMANOID STEPPING TASK FOR SPEED COMPARISON
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Fig. 3. Processing time of a stepping task (see Table I) using the
decomposition proposed in Sect. II-C (red) and the same task performed
without the decomposition (blue). The dotted line represents the maximum
computation per control cycle respectively. Intervals shaded in gray show the
robot in single support phase. In the remaining time the robot is in double
support. With the proposed decomposition we decreased the computation
time by approximately 40%.

robot, this speedup allows us to run a 1 kHz control-loop as
we will demonstrate in the following sections. It would not
have been possible without the simplification. In our speed
comparison in Fig. 3 one can see that computation time
varies with the number of constrained endeffectors, which
can be problematic if the number of contacts increases too
much (e.g. when using both hands and feet).

B. Balance Control Experiments
Our first experiment is the implementation of a momentum

balance controller as originally proposed in [15] and then
extend in [11]. The idea is to regulate both the linear
and angular momentum of the robot to keep balance. In
this implementation, the physical constraints are put in the
highest priority. In the second priority, we put the balancing
task as well as the force regularization and postural control.
The task composition is summarized in Table II.

In [20] a linear mapping

HG(q)q̇ = h (16)

was derived that maps joint velocities to h = [hT

lin

hT

ang

]T ,
the system linear and angular momentum expressed at the
CoM. The matrix HG is called the centroidal momentum
matrix. It was applied in [11] to regulate the momentum

Priority Nr. of eq(uality) and Constraint/Task
ineq(uality) constraints

1 6 eq Newton Euler Eq. (13)
2⇥ 14 ineq torque limits
2⇥ 6 eq kinematic contact constraint
2⇥ 4 ineq CoPs reside in support

polygons
2⇥ 4 ineq GRFs reside in friction cones
2⇥ 14 ineq joint acceleration limits

2 6 eq PD control on system
momentum, Eq. (17)

14 + 6 eq PD control on posture
2⇥ 6 eq regularizer on GRFs
DoFs: 14 max. time: 0.4 ms

TABLE II
HIERARCHY OF DOUBLE SUPPORT BALANCING TASK

by computing a desired momentum rate of change via PD
control

ḣ
ref

= P


m(x

cog,des

� x
cog

)
0

�
+

D(h
des

� h) + ḣ
des

(17)

where P and D are positive-definite gain matrices. Typically,
this can be used to regulate the position of the center of mass
while damping its linear velocity and the angular momentum.
The derivative of Eq. (16) allows us to express a controller
on the system momentum

ḣ = HGq̈+ ḢGq̇ (18)

=


I3⇥3 03⇥3 . . .

[x
cog

� x
i

]⇥ I3⇥3 . . .

�
�+


mg
0

�
, (19)

where mg is the gravitational force applied at the CoM and
[⇧]⇥ maps a vector to a skew symmetric matrix, s.t. [x]⇥� =
x ⇥ �. Eq. (19) is the general formula for the change of
momentum of a rigid multi-body system. We see that we can
express the rate of momentum change either as a function of
q̈ as in Eq. (18) or as a function of � as in Eq. (19). We can
express this task either as a force task or as a kinematic task
(the matrix in front of q̈ or � being the Jacobian of the task).
In this experiment we use the kinematic representation and
in the tracking experiment we use the force representation.
We note that in general, expressing the momentum control
with Eq. (19) might be better because we do not have to
compute Ḣ

G

, which usually is acquired through numerical
derivation and might suffer from magnified noise.

In our first experiment we pushed the robot impulsively
with a stick. Various contact points and force directions were
chosen. To ensure that the robot is really balancing, the same
experiment was conducted when running a simple inverse
dynamics algorithm with contact forces optimization that was
presented in [8]. As expected, the balance controller showed
a better balancing performance and did not fall over as it was
the case for [8] as can be seen in the video. When pushing
the robot with a constant force at various parts, it stayed in
balance and adapted its posture in a compliant manner. We
also tested the controller when the feet were not co-planar,
but one foot was put on top of a block as can be seen in the
movie.

Priority Nr. of eq(uality) and Constraint/Task
ineq(uality) constraints

1 25 eq Eq. (12) (not required for
simplified problem)

6 eq Newton Euler Eq. (13)
2⇥ 25 ineq torque limits

2 c⇥ 6 eq kinematic contact constraint
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2⇥ 25 ineq joint acceleration limits

3 3 eq PD control on CoM
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Fig. 3. Processing time of a stepping task (see Table I) using the
decomposition proposed in Sect. II-C (red) and the same task performed
without the decomposition (blue). The dotted line represents the maximum
computation per control cycle respectively. Intervals shaded in gray show the
robot in single support phase. In the remaining time the robot is in double
support. With the proposed decomposition we decreased the computation
time by approximately 40%.

robot, this speedup allows us to run a 1 kHz control-loop as
we will demonstrate in the following sections. It would not
have been possible without the simplification. In our speed
comparison in Fig. 3 one can see that computation time
varies with the number of constrained endeffectors, which
can be problematic if the number of contacts increases too
much (e.g. when using both hands and feet).

B. Balance Control Experiments
Our first experiment is the implementation of a momentum

balance controller as originally proposed in [15] and then
extend in [11]. The idea is to regulate both the linear
and angular momentum of the robot to keep balance. In
this implementation, the physical constraints are put in the
highest priority. In the second priority, we put the balancing
task as well as the force regularization and postural control.
The task composition is summarized in Table II.

In [20] a linear mapping

HG(q)q̇ = h (16)

was derived that maps joint velocities to h = [hT

lin

hT

ang

]T ,
the system linear and angular momentum expressed at the
CoM. The matrix HG is called the centroidal momentum
matrix. It was applied in [11] to regulate the momentum
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2⇥ 14 ineq torque limits
2⇥ 6 eq kinematic contact constraint
2⇥ 4 ineq CoPs reside in support

polygons
2⇥ 4 ineq GRFs reside in friction cones
2⇥ 14 ineq joint acceleration limits

2 6 eq PD control on system
momentum, Eq. (17)

14 + 6 eq PD control on posture
2⇥ 6 eq regularizer on GRFs
DoFs: 14 max. time: 0.4 ms

TABLE II
HIERARCHY OF DOUBLE SUPPORT BALANCING TASK

by computing a desired momentum rate of change via PD
control

ḣ
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D(h
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where P and D are positive-definite gain matrices. Typically,
this can be used to regulate the position of the center of mass
while damping its linear velocity and the angular momentum.
The derivative of Eq. (16) allows us to express a controller
on the system momentum

ḣ = HGq̈+ ḢGq̇ (18)

=


I3⇥3 03⇥3 . . .

[x
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where mg is the gravitational force applied at the CoM and
[⇧]⇥ maps a vector to a skew symmetric matrix, s.t. [x]⇥� =
x ⇥ �. Eq. (19) is the general formula for the change of
momentum of a rigid multi-body system. We see that we can
express the rate of momentum change either as a function of
q̈ as in Eq. (18) or as a function of � as in Eq. (19). We can
express this task either as a force task or as a kinematic task
(the matrix in front of q̈ or � being the Jacobian of the task).
In this experiment we use the kinematic representation and
in the tracking experiment we use the force representation.
We note that in general, expressing the momentum control
with Eq. (19) might be better because we do not have to
compute Ḣ

G

, which usually is acquired through numerical
derivation and might suffer from magnified noise.

In our first experiment we pushed the robot impulsively
with a stick. Various contact points and force directions were
chosen. To ensure that the robot is really balancing, the same
experiment was conducted when running a simple inverse
dynamics algorithm with contact forces optimization that was
presented in [8]. As expected, the balance controller showed
a better balancing performance and did not fall over as it was
the case for [8] as can be seen in the video. When pushing
the robot with a constant force at various parts, it stayed in
balance and adapted its posture in a compliant manner. We
also tested the controller when the feet were not co-planar,
but one foot was put on top of a block as can be seen in the
movie.

What are the optimal contact forces to achieve a desired 
momentum tracking performance?

2 In practice different gains are necessary for different robot 
configurations (one foot vs. two feet support)

momentum rate 
of change interaction 

forcessum of forces (upper)
sum of moments (lower)



Momentum-based control as a LQR problem

Priority Nr. of eq(uality) and Constraint/Task
ineq(uality) constraints

1 25 eq Eq. (12) (not required for
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Fig. 3. Processing time of a stepping task (see Table I) using the
decomposition proposed in Sect. II-C (red) and the same task performed
without the decomposition (blue). The dotted line represents the maximum
computation per control cycle respectively. Intervals shaded in gray show the
robot in single support phase. In the remaining time the robot is in double
support. With the proposed decomposition we decreased the computation
time by approximately 40%.

robot, this speedup allows us to run a 1 kHz control-loop as
we will demonstrate in the following sections. It would not
have been possible without the simplification. In our speed
comparison in Fig. 3 one can see that computation time
varies with the number of constrained endeffectors, which
can be problematic if the number of contacts increases too
much (e.g. when using both hands and feet).

B. Balance Control Experiments
Our first experiment is the implementation of a momentum

balance controller as originally proposed in [15] and then
extend in [11]. The idea is to regulate both the linear
and angular momentum of the robot to keep balance. In
this implementation, the physical constraints are put in the
highest priority. In the second priority, we put the balancing
task as well as the force regularization and postural control.
The task composition is summarized in Table II.

In [20] a linear mapping

HG(q)q̇ = h (16)

was derived that maps joint velocities to h = [hT

lin
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]T ,
the system linear and angular momentum expressed at the
CoM. The matrix HG is called the centroidal momentum
matrix. It was applied in [11] to regulate the momentum
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where P and D are positive-definite gain matrices. Typically,
this can be used to regulate the position of the center of mass
while damping its linear velocity and the angular momentum.
The derivative of Eq. (16) allows us to express a controller
on the system momentum
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where mg is the gravitational force applied at the CoM and
[⇧]⇥ maps a vector to a skew symmetric matrix, s.t. [x]⇥� =
x ⇥ �. Eq. (19) is the general formula for the change of
momentum of a rigid multi-body system. We see that we can
express the rate of momentum change either as a function of
q̈ as in Eq. (18) or as a function of � as in Eq. (19). We can
express this task either as a force task or as a kinematic task
(the matrix in front of q̈ or � being the Jacobian of the task).
In this experiment we use the kinematic representation and
in the tracking experiment we use the force representation.
We note that in general, expressing the momentum control
with Eq. (19) might be better because we do not have to
compute Ḣ

G

, which usually is acquired through numerical
derivation and might suffer from magnified noise.

In our first experiment we pushed the robot impulsively
with a stick. Various contact points and force directions were
chosen. To ensure that the robot is really balancing, the same
experiment was conducted when running a simple inverse
dynamics algorithm with contact forces optimization that was
presented in [8]. As expected, the balance controller showed
a better balancing performance and did not fall over as it was
the case for [8] as can be seen in the video. When pushing
the robot with a constant force at various parts, it stayed in
balance and adapted its posture in a compliant manner. We
also tested the controller when the feet were not co-planar,
but one foot was put on top of a block as can be seen in the
movie.
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Fig. 3. Processing time of a stepping task (see Table I) using the
decomposition proposed in Sect. II-C (red) and the same task performed
without the decomposition (blue). The dotted line represents the maximum
computation per control cycle respectively. Intervals shaded in gray show the
robot in single support phase. In the remaining time the robot is in double
support. With the proposed decomposition we decreased the computation
time by approximately 40%.

robot, this speedup allows us to run a 1 kHz control-loop as
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In [20] a linear mapping

HG(q)q̇ = h (16)

was derived that maps joint velocities to h = [hT

lin

hT

ang

]T ,
the system linear and angular momentum expressed at the
CoM. The matrix HG is called the centroidal momentum
matrix. It was applied in [11] to regulate the momentum
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ineq(uality) constraints

1 6 eq Newton Euler Eq. (13)
2⇥ 14 ineq torque limits
2⇥ 6 eq kinematic contact constraint
2⇥ 4 ineq CoPs reside in support

polygons
2⇥ 4 ineq GRFs reside in friction cones
2⇥ 14 ineq joint acceleration limits

2 6 eq PD control on system
momentum, Eq. (17)

14 + 6 eq PD control on posture
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DoFs: 14 max. time: 0.4 ms

TABLE II
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where P and D are positive-definite gain matrices. Typically,
this can be used to regulate the position of the center of mass
while damping its linear velocity and the angular momentum.
The derivative of Eq. (16) allows us to express a controller
on the system momentum
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where mg is the gravitational force applied at the CoM and
[⇧]⇥ maps a vector to a skew symmetric matrix, s.t. [x]⇥� =
x ⇥ �. Eq. (19) is the general formula for the change of
momentum of a rigid multi-body system. We see that we can
express the rate of momentum change either as a function of
q̈ as in Eq. (18) or as a function of � as in Eq. (19). We can
express this task either as a force task or as a kinematic task
(the matrix in front of q̈ or � being the Jacobian of the task).
In this experiment we use the kinematic representation and
in the tracking experiment we use the force representation.
We note that in general, expressing the momentum control
with Eq. (19) might be better because we do not have to
compute Ḣ

G

, which usually is acquired through numerical
derivation and might suffer from magnified noise.
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movie.
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inverse dynamics and more specifically, we are inter-
ested in controlling the linear and angular momentum
of the robot. The feedback controller that regulates mo-
mentum is often written as a PID controller with hand-
tuned gains. Such control design does not take into ac-
count the coupling between linear and angular momen-
tum during a multi-contact task and can potentially
lead to a controller which is sub-optimal and di�cult
to tune.

In this section, we write the momentum regulation
problem as a force control task and then use a simple
LQR design to compute a linear optimal feedback con-
trol law. This feedback law is then used to compute
a desired closed-loop behavior in the hierarchical in-
verse dynamics controller. The advantage of such design
is that it fully exploits multi-contacts and momentum
coupling while significantly simplifying the design of the
controller by reducing the number of open parameters.

3.1 Linear and angular momentum models

The control of momentum and CoG is inherently both a
kinematic and a force task. Indeed, using the centroidal
momentum matrix [15], one can find a linear mapping
between the overall robot momentum and the robot
joint and pose velocities

h = HG(q)q̇ (19)

where h = [hT

lin

hT

ang

]T is the system linear and angular
momentum expressed at the CoG. The matrix HG is
called the centroidal momentum matrix. The derivative
of Equation (16) allows us to express the rate of change
of the momentum and the CoG

ẋ
cog

=
1

m

h
lin

ḣ = HGq̈+ ḢGq̇ (20)

This formulation has been often used in a resolved ac-
celeration scheme where the centroidal momentum ma-
trix is viewed as the task Jacobian (e.g. in [12]).

Using the Newton-Euler equations, the total change
of momentum can also be written in terms of the ex-
ternal forces

ẋ
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where mg is the gravitational force, � the vector of
generalized external forces, [⇧]⇥ maps a vector to a skew
symmetric matrix, s.t. [x]⇥� = x ⇥ � and x

i

is the
position of the i

th contact point.

We see that the rate of momentum change can equiv-
alently be written either as a kinematic task (i.e. a func-
tion of q̈ as in Equation (18)) or a force task (i.e. a
function of � as in Equation (19)). The matrix in front
of q̈ or � is viewed as the Jacobian of the task.

In general, deriving a momentum control law with
Equation (19) might be better because we do not have
to compute Ḣ

G

, which usually is acquired through nu-
merical derivation and might su↵er from magnified noise.
In addition, in Equation (19) external forces can be in-
terpreted as the control inputs of the system, which is
a useful interpretation for control design, as we explain
below.

3.2 LQR design for momentum control

A desired momentum behavior is typically achieved us-
ing a PD control law, for example

ḣ
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where h
ref

and x
ref

are reference momentum and CoG
trajectories. Using Equation (18), a desired closed-loop
behavior is then added in the hierarchical inverse dy-
namics as

HGq̈+ ḢGq̇ (22)
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There are, however, several issues with such an ap-
proach. First, the tuning of the PD controller can be
problematic. In our experience, on the real robot it is
necessary to have di↵erent gains for di↵erent contact
configurations to ensure proper tracking which leads to
a time consuming process with many open parameters.
Second, such controller does not exploit the coupling
between linear and angular momentum rate of change
that is expressed in Equation (19).

We propose to use the model of Equation (19) to
compute optimal feedback gains. We linearize the dy-
namics and compute a LQR controller by selecting a
desired performance cost. We find a control law of the
form

� = �K


x
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) (23)

that contains both feedback and feedforward terms. A
desired closed-loop behavior for the momentum that
appropriately takes into account the momentum cou-
plings is then computed. The desired task used in the
hierarchical inverse dynamics controller is then written
as
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where mg is the gravitational force, � the vector of
generalized external forces, [⇧]⇥ maps a vector to a skew
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We see that the rate of momentum change can equiv-
alently be written either as a kinematic task (i.e. a func-
tion of q̈ as in Equation (18)) or a force task (i.e. a
function of � as in Equation (19)). The matrix in front
of q̈ or � is viewed as the Jacobian of the task.

In general, deriving a momentum control law with
Equation (19) might be better because we do not have
to compute Ḣ
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, which usually is acquired through nu-
merical derivation and might su↵er from magnified noise.
In addition, in Equation (19) external forces can be in-
terpreted as the control inputs of the system, which is
a useful interpretation for control design, as we explain
below.

3.2 LQR design for momentum control
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There are, however, several issues with such an ap-
proach. First, the tuning of the PD controller can be
problematic. In our experience, on the real robot it is
necessary to have di↵erent gains for di↵erent contact
configurations to ensure proper tracking which leads to
a time consuming process with many open parameters.
Second, such controller does not exploit the coupling
between linear and angular momentum rate of change
that is expressed in Equation (19).

We propose to use the model of Equation (19) to
compute optimal feedback gains. We linearize the dy-
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that contains both feedback and feedforward terms. A
desired closed-loop behavior for the momentum that
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plings is then computed. The desired task used in the
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control input
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PD Control LQR
Above Hip Joint At Hip Joint Above Hip Joint At Hip Joint

F R B L F R L F R B L F R L
Peak Force [N] 233 108 103 80 217 207 202 244 179 107 114 293 223 118
Impulse [Ns] 7.9 4.7 5.1 3.9 9.1 9.0 6.9 6.9 6.8 6.2 4.7 9.5 8.6 4.3
max. CoG Error [cm] 4.6 3.5 3.4 2.8 5.0 4.3 2.8 3.4 2.8 2.7 1.8 3.3 3.0 1.5
max. Lin. Mom. [Nm] 22.6 10.2 15.8 6.9 13.1 7.9 9.3 19.8 13.6 16.3 9.1 14.4 9.2 9.5
max. Ang. Mom. [Nms] 4.1 1.9 2.2 1.5 2.4 0.9 0.7 3.7 2.5 2.1 2.0 2.8 1.1 2.0

Table 3 Here we list the maximum pushes applied to the robot, where each column shows the properties of one push. When
the first 7 pushes were applied, the momentum was controlled with PD control using diagonal gain matrices. For the last seven
pushes, LQR gains were used. The robot was pushed from the (F)ront, (R)ight (B)ack and (L)eft either above the hip joint or
at the height of the hip joint. The first two rows describe the peak force and impulse of each push. The last 3 rows show the
maximum deviation of the CoG and the linear and angular momentum of the robot after an impact.

Fig. 5 The robot was pushed from 4 sides at the block
above the hip and at the hip. At each point of attack it was
pushed 4 times. This figure plots the peak forces of the pushes
against the maximum CoG displacement (top two figures)
and against the maximum angular momentum (bottom two
figures). The 1st and 3rd figures from the top show experi-
ments performed with diagonal gain matrices. In the 2nd and
4th plot experiments were conducted with the LQR momen-
tum controller. The Impulses of the pushes were increasing
roughly linearly with the peak forces. A list of peak impulses
is shown in Table ??. It can be seen that overall the CoG er-
ror remains lower with the LQR controller, while the angular
momentum behaves similar.

as well as, if not better than, other approaches for which
data is available [16,?,17]. Indeed, the robot was able
to absorb impact up to peak forces of 290 N and im-
pulses of 9.5 Ns. We summarized the information for
the strongest pushes in each direction in Table ?? as a
reference.

In Figure ?? we systematically plotted the measured
peak forces against the maximum deviation of the CoG
and angular momentum for both controllers in order to
see the typical behavior of the robot. The impulses are
not plotted as they were proportional to the peak forces
in all our experiments. The maximum error for both an-
gular momentum and CoG tend to be proportional to
the peak force for all experiments. We notice from the
figure that for both momentum controllers we get sim-
ilar maximum deviations in angular momentum. How-
ever, with the LQR gains we see a significant improve-
ment in recovering the CoG. From Figure ?? we also
see how the LQR controller recovers quicker although
the robot was pushed harder than with the controller
using diagonal gain matrices.

Figure ?? shows a typical response for both con-
trollers where we plotted the impact force together with
the CoG tracking error and the momentum. We notice
that in both cases the disturbance is damped quickly.
We notice that although the peak force is higher for the
LQR controller, the response is better behaved than for
the PD controller and the momentum is damped faster.

While it is always di�cult to ensure that a better set
of parameters couldn’t be found for the PD controller,
this result suggests that the LQR design performs bet-
ter than the PD controller. Moreover, the LQR design
is much simpler to tune because the design of a perfor-
mance cost has a more intuitive meaning than PD gains
and it can capture the coupling between linear and an-
gular momentum. The other advantage of the LQR de-
sign is that once the cost function is fixed, new gains
can be computed for various poses and desired momen-
tum behaviors automatically without manual re-tuning.
This aspect was very helpful for the contact switching
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and angular momentum for both controllers in order to
see the typical behavior of the robot. The impulses are
not plotted as they were proportional to the peak forces
in all our experiments. The maximum error for both an-
gular momentum and CoG tend to be proportional to
the peak force for all experiments. We notice from the
figure that for both momentum controllers we get sim-
ilar maximum deviations in angular momentum. How-
ever, with the LQR gains we see a significant improve-
ment in recovering the CoG. From Figure ?? we also
see how the LQR controller recovers quicker although
the robot was pushed harder than with the controller
using diagonal gain matrices.

Figure ?? shows a typical response for both con-
trollers where we plotted the impact force together with
the CoG tracking error and the momentum. We notice
that in both cases the disturbance is damped quickly.
We notice that although the peak force is higher for the
LQR controller, the response is better behaved than for
the PD controller and the momentum is damped faster.

While it is always di�cult to ensure that a better set
of parameters couldn’t be found for the PD controller,
this result suggests that the LQR design performs bet-
ter than the PD controller. Moreover, the LQR design
is much simpler to tune because the design of a perfor-
mance cost has a more intuitive meaning than PD gains
and it can capture the coupling between linear and an-
gular momentum. The other advantage of the LQR de-
sign is that once the cost function is fixed, new gains
can be computed for various poses and desired momen-
tum behaviors automatically without manual re-tuning.
This aspect was very helpful for the contact switching

LQR significantly 
improves performance 

No need for re-tuning 
when changing contact 
conditions

Balance control with LQR momentum control

LQR DesignOriginal momentum task

[Herzog et al., accepted]

www.youtube.com/watch?v=jMj3Uv2Q8Xg

http://www.youtube.com/watch?v=jMj3Uv2Q8Xg


• strict prioritization between tasks and constraints 

• 1kHz task feedback loop(s)  

• LQR feedback design for momentum control 

• pure feed forward torques, no joint stabilization



Momentum trajectory generation

• motion requires admissible wrench and momentum 
trajectories
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Reduced DynamicsFull Dynamics

[Herzog et al., submitted]



Momentum Trajectory Optimization

• fix contact timing & design swing leg trajectory (splines) 
• acquire desired angular momentum from inverse kinematics forward 

integration 

• solve:                                                                                                          
        

• resulting momentum trajectories come with admissible contact 
forces and respect motion-induced momentum 

• embed (LQR) feedback control on momentum in a task hierarchy

min.
w

TX

t0

(klti � lti,desk2W1
+ krti � rti,desk2W2

+ kti � ti,desk2W3
)

s.t. fti ,pti , ⌧ ti admissible

[Herzog et al., arXiv:1507.04380]
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Preliminary results

Trajectory generation for multi-contact 
momentum-control

[Herzog et al., arXiv:1507.04380]

http://www-amd.is.tuebingen.mpg.de/~herzog/15_07-Humanoids.mp4

http://www-amd.is.tuebingen.mpg.de/~herzog/15_07-Humanoids.mp4


• We split control into 

• time-local control on full dynamics 

• trajectory optimization with momentum dynamics 

• we compute admissible forces from a naive 
kinematic forward integration 

• tracking is achieved with LQR around the 
momentum



Momentum estimation
Fusion of kinematics and force information
Process model = momentum dynamics
- CoM, linear and angular momentum filtering
- Center of mass offset estimation
- External wrench estimation

Full observability analysis (theoretical limits)

[Rotella et al., submitted]
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Fig. 1: Estimation of COM (top row), linear momentum (middle row) and angular momentum (bottom row). Inset zoomed-in
views (3x magnification) show finer details and demonstrate superior performance of the ME.
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Fig. 2: Estimation of linear momentum for increasing frequen-
cies. Top: LIPM Filter. Bottom: Momentum Estimator.
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Fig. 3: Zoomed-in views of angular momentum esti-
mates versus low-pass filtered kinematics measurements.

discretized at the filtering frequency and added to simulated
sensor outputs. Noise having standard deviation q✓ was
added to joint angles (and propagated to joint velocities
through numerical differentiation) as well as to endeffector
F/T sensor signals. Table I below lists the values of the
standard deviations of the simulated noise processes.

TABLE I: Simulated sensor noise standard deviations. Cor-
responding values for 1kHz sampling rate are shown.

Continuous Discrete (1kHz)
q✓ 0.00000316rad/

p
Hz 0.0001rad

qF 0.06325N/
p
Hz 2N

q⌧ 0.00316Nm/
p
Hz 0.1Nm

In this and subsequent sections, we refer to the four filters
based on the momentum dynamics as the ME (Momentum
Estimator), OE (Offset Estimator), COE (COP-Based Offset
Estimator) and EWE (External Wrench Estimator). Process

noise parameters were set using the values in Table I.
All other noise parameters were tuned for each filter and
are summarized in Table II. Note that measurement noise
standard deviations are specified in discrete time. All filters
based on the LIPM are referred to as LIPMF in this section
and denote the corresponding filter and noise parameters
introduced in [6].

Estimation was performed during a 15s ZMP preview
control-based walking task [14] having single and double
support phases lasting 0.5s each and a forward motion of
5cm per step for 10 steps. Since this is a relatively-dynamic
gait, the contacts created are often not completely flat and
subject to impulsive contact wrenches; this was desired in
order to test the estimators with realistic contact switching.
Ideal base state estimation was assumed for simplicity but
estimators were additionally verified using a base state esti-
mator [11] subject to simulated IMU sensor noise. Estimation
and data recording were performed at 1kHz unless noted.
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Angular momentum estimation
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Fig. 4: Estimation of a 5cm COMx offset while stationary
(top) and estimation of a configuration-dependent COM offset
during the 15s walking task (bottom).
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Fig. 5: Time-varying COM offsets for different n (rep-
resenting different degrees of modeling error) in x-
direction (top) and y-direction (bottom).
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Fig. 6: Estimation of COM (top row), linear momentum (middle row) and angular momentum (bottom row) for different n
(representing different degrees of modeling error). Red denotes the most error while yellow denotes the least.
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Fig. 7: COM offset estimation for n = 5 in x-direction
(top) and y-direction (bottom).

�10

0

10

L
M

x
(k

g
m s
)

0 2 4 6 8 10 12 14

�10

0

10

Time (s)

L
M

y
(k

g
m s
)

Fig. 8: Linear momentum estimation for n = 5 in x-
direction (top) and y-direction (bottom).
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CoM offsets 
(wrong dynamics model)



Manipulation Whole-Body Control

Position/Force Tasks Model-based 
Force Control

Hierarchical 
Inverse Dynamics

-Impedance at finger 
- rough geometrical 

description 
Contact Modeling -feed-forward force 

-model contact surface

- mostly kinematic Planning Primitives - optimization over 
reduced dynamics

Initialization from 
demonstration Bootstrapping captured in (simpler) 

dynamic models

Manipulation & Whole-Body Control 
Bridges and Gaps


