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Task Space Inverse Dynamics

A(nother)
control framework

f o r  p ri o r i t i zed
motion and force control
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Prioritized Control Frameworks

• Efficiency

• Capabilities

• Optimality

• force control

• underactuation 

• inequalities



Optimality

ẋ2 = J2q̇

ẋ1 = J1q̇

Two velocity tasks:

Higher priority

Lower priority

q̇∗A = J+
2 ẋ∗

2 + (J1N2)
+(ẋ∗

1 − J1J
+
2 ẋ∗

2)

q̇∗B = J+
2 ẋ∗

2 +N2J
+
1 ẋ∗
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Two approaches:
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State of the Art



Prioritized Control Problem

Cost of task i

Desired acceleration
Task i Jacobian

gi(τ) = ||fi − f∗
i ||2

Desired force
Jcq̈ = −J̇cq̇Contact constraints

Postural 
Task

Jcq̈ = −J̇cq̇

Jcq̈ = −J̇cq̇

Jcq̈ = −J̇cq̇



Prioritized Control Problem

τ∗ =Mq̈∗0 + h− JT
c f∗

q̈i =q̈i+1 + (JiNp(i))
+(ẍ∗

i − J̇iq̇ − Jiq̈i+1)

Np(i) =Np(i+1) − (Ji+1Np(i+1))
+Ji+1Np(i+1)

SOLUTION





•TSID:     Task Space Inverse Dynamics

•WBCF:   Whole Body Control Framework

•UF:        Unifying Framework



System Dynamics

Unconstrained Constrained

Fully
actuated

Under
actuated

Mq̈ + h = τ

Mq̈ + h = ST τ Mq̈ + h− JT
c f = ST τ

Mq̈ + h− JT
c f = τ
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Task Space 
Partial Feedback Linearization
τ∗ = N−1

j q̈∗j + S̄Th

q̈∗j = (JS̄)+W (ẍ∗ − J̇ q̇ + JbM
−1
b hb) + (I − (JS̄)+WJS̄)q̈j0

M−1 =

�
Nb Nbj

NT
bj Nj

�

JS̄ = Jj − JbM
−1
b Mbj Generalized Jacobian

[Shkolnik and Tedrake 2008]

Hybrid dynamics

M =

�
Mb Mbj

MT
bj Mj

�



System Dynamics

Unconstrained Constrained

Fully
actuated

Under
actuated

Mq̈ + h = τ

Mq̈ + h = ST τ Mq̈ + h− JT
c f = ST τ

Mq̈ + h− JT
c f = τ

Jcq̈ = −J̇cq̇

Jcq̈ = −J̇cq̇√ √
√



What would you like to control?

State = Accelerations +Forces
n+6 kn+6-k

Control
−−−−−−−−−−−−−−−� �� �

n

−−−−−−−−−−−−−−−� �� � −−−−−−−−−−−−−−−� �� �−−−−−−−−−−−−−−−� �� �

[some]
Motion

[some] Motion 
+ 

some Forces

some Motion 
+ 

all Forces

3 CASES



Motion (only) control

q̈i =q̈i+1 + (JiNp(i))
+(ẍ∗

i − J̇iq̇ − Jiq̈i+1)

Np(i) =Np(i+1) − (Ji+1Np(i+1))
+Ji+1Np(i+1)

τ∗ =(NcS
T )+Nc(Mq̈0 + h)

[Aghili 2005]

Constraint 
Nullspace 
Projection

k≥6
Constraint-consistent 

motion always 
feasible

No Force Measurements!



Motion (only) control

Mc = NcM + J+
c Jc

k<6

τ∗ = (JM−1
c NcS

T )+(ẍ∗ − J̇ q̇

+ JM−1
c (Nch+ J+

c J̇cq̇)) +Nτ0

Constraint-consistent motion 
may be unfeasible



Partial Force Control

Constraint 
Nullspace 
Projection

q̈i =q̈i+1 + (JiNp(i))
+(ẍ∗

i − J̇iq̇ − Jiq̈i+1)

Np(i) =Np(i+1) − (Ji+1Np(i+1))
+Ji+1Np(i+1)

τ∗ =(NcS
T )+Nc(Mq̈0 + h− JT

f f∗)

k≥6
Constraint-consistent 

motion is always 
feasible



Partial Force Control
τ∗ = (ĴM̂−1V T

2 ST )+((JfJ
+
c J̇c − J̇f )q̇ + ĴM̂−1ĥ− ĴM̂−1ĴT f∗)

M̂ = V T
2 MV2

ĥ = V T
2 h− V T

2 MJ+
c J̇cq̇

Ĵ = JfV2

k<6 Constraint-consistent motion 
may be unfeasible

V2 = Orthogonal base of constraint nullspace



Complete Force Control

~ Partial Feedback 
Linearization

q̈i = q̈i+1 + (JiS̄Np(i))
+(ẍ∗

i − J̇iq̇

+ Ji(U
TM−1

b (hb − JT
cbf)− S̄q̈i+1))

Np(i) =Np(i+1) − (Ji+1S̄Np(i+1))
+Ji+1S̄Np(i+1)

Dynamic 
singularities

τ∗ =− (JcS̄)
T f∗ +N−1

j q̈0 + S̄Th
PFL



Constraint 
Nullspace 
Projection

k≥6

Dynamic
Coupling

Dynamic
Coupling

~Partial
Feedback

Linearization

k<6k<6

k = number of uncontrolled constraint forces

[some]
Motion

[some] Motion 
+ 

some Forces

some Motion 
+ 

all Forces

What would you like to control?

NO
MOTION

STABILITY!

NO
MOTION

STABILITY!

NO
MOTION

STABILITY!



Partial 
Force Control
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Desired force
Reference force
Force
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Switching support leg
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Desired force
Reference force
Force
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System Dynamics

Unconstrained Constrained

Fully
actuated

Under
actuated

Inverse dynamics
+

Prioritized acc. ctrl

Inverse dynamics
+

Prioritized acc. ctrl

P.F.L.
+

Prioritized acc. ctrl
with 

Generalized Jacobians

~P.F.L.
Constr. Nullspace Proj.

k≥6

Dynamic coupling
k<6



Future work
• inequalities (joint/torque limits, ZMP, friction)

• constraint switching/selection

• instantaneous/local optimality

• computational cost

• implementation (iTaSC, SoT)
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The End
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